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Abstract
We study the dynamics of gravitational lumps. By a lump, we mean a metric
configuration that asymptotes to a flat space-time. Such lumps emerge in string
theory as strong coupling descriptions of D-branes. We provide a physical argument
that the broken global symmetries of such a background, generated by certain large
diffeomorphisms, constrain the dynamics of localized modes. These modes include the
translation zero modes and any localized tensor modes. The constraints we find are
gravitational analogues of those found in brane physics. For the example of a Taub-
NUT metric in eleven-dimensional supergravity, we argue that a critical value for the
electric field arises from standard gravity without higher derivative interactions.
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1 Introduction
The Dirac-Born-Infeld action is a beautiful closed form collection of higher derivative in-
teractions describing the dynamics of a brane with a world-volume gauge-field. Imagine
a p-brane with world-volume Σp+1 embedded in a D + 1-space-time dimensional manifold
M with metric GMN . The embedding of the brane is described by maps X : Σp+1 →M.
In local coordinates X = X(σµ) where σµ are local coordinates on the brane. The action
takes the form,
SDBI = −Tp
∫
dp+1σ f(φ)
√
− det (gµν + αFµν). (1.1)
There are two dimensionful parameters Tp and α, as well as a possible function of scalar
fields f(φ). The field strength F is abelian, while the pulled-back metric takes the explicit
form:
gµν = GMN∂µX
M∂νX
N , M,N = 0, . . . , D. (1.2)
Specific values for the scales (Tp, α) and the function f(φ) arise in different settings. For
example when studying D-branes in perturbative string theory, α = 2piα′, where α′ deter-
mines the tension of the fundamental string. The other parameters Tp and f(φ) are also
determined in terms of α′ and the string dilaton field. We are going to be less concerned
with the theory-dependent values of these parameters and more concerned with the extent
to which symmetry dictates the DBI form (1.1).
Imagine a flat, infinitely extended brane embedded in ambient flat Minkowski space-
time. By definition, any such brane spontaneously breaks Poincare´ symmetry:
ISO(D, 1) → ISO(p, 1). (1.3)
The breaking of translational symmetry guarantees the existence of D − p universal scalar
fields on the brane world-volume, which serve as Nambu-Goldstone (NG) bosons for the
broken translations. These scalar modes arise from the maps X(σµ) after suitable gauge-
fixing. We will be concerned only with these universal scalars along with the gauge-field
supported on the brane, and how these modes arise and interact in a purely gravitational
setting.
The reason for our interest can be motivated from string theory by considering a D6-
brane moving in D = 10 flat Minkowski space-time. This brane appears in the type IIA
string. It has many nice properties, like preserving one-half of the ambient 32 supersym-
metries and spontaneously breaking D = 10 Poincare´ symmetry:
ISO(9, 1) → ISO(6, 1). (1.4)
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However, the most important property for us is the appearance of the DBI action as the
world-volume action on the brane at weak string coupling. More precisely, the Born-Infeld
action can be derived by studying the conditions for world-sheet conformal invariance for
a D-brane with a constant background electromagnetic field strength in flat Minkowski
space-time [1].1
The Dirac action on this brane can also be derived from space-time symmetry arguments,
as we will describe shortly. This is the key point for us. At strong coupling, the D6-brane
has an exact realization as a Kaluza-Klein monopole, which is an example of a gravitational
“lump.” The Kaluza-Klein monopole solution is constructed as follows: consider D = 11
Minkowski space-time of the form R9,1 × S1. In the context of string theory, we want to
consider D = 11 supergravity, but tensor fields beyond the metric do not play a role in the
construction of the monopole background. Therefore, consider standard Einstein gravity
on this space-time. From the metric reduced on S1, we find a D = 10 abelian gauge-field.
Choose an R3 from the spatial directions of R9 and fiber the gauge-field over this R3 so
that it has non-zero magnetic charge. This is a Kaluza-Klein monopole.
The 4-dimensional metric on S1 × R3 is the Taub-NUT metric [2, 3]. It is smooth,
although it has a coordinate singularity at the point where the circle shrinks to zero size;
this point is the location of the brane. The full 11-dimensional metric G takes the form,
ds211 = ds
2
6+1(x) + ds
2
TN(y, χ), (1.5)
where ds26+1 is the flat 7-dimensional Minkowski metric with coordinates x
µ and,
ds2TN = H(y)d~y
2 +H(y)−1
(
dχ+ ~A · d~y
)2
, H(y) = 1 +
`
|~y − ~y0| . (1.6)
The ~y are coordinates for R3 and χ is the coordinate for S1 with periodicity
χ ∼ χ+ 4pi`. (1.7)
The metric depends on one function H harmonic in R3 and one scale `. The location of
this gravitational “brane” is determined by ~y0. The vector potential ~A is determined by
the harmonic function H:
∇H = ∇× ~A. (1.8)
1In our subsequent discussion, we will sometimes loosely use DBI to refer to (1.1) even with the gauge-
fields set to zero. In that situation, the DBI action really reduces to the Dirac action for the universal
scalar fields. On the other hand, the Born-Infeld action just refers to the non-linear action governing the
gauge-fields with a flat Minkowski brane metric.
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The metric is smooth, hyperKa¨hler and easily generalizable to many centers. While it
appears to be a metric on R3×S1, the space is actually topologically R4 because the circle
unwinds at the location of the brane.
This metric is asymptotically locally flat (ALF); at spatial infinity, it asymptotes to
a flat metric. This is a rather important point for us. In this sense, the metric (1.5)
spontaneously breaks the same symmetries (1.4) as the D6-brane, where ISO(9, 1) is part
of the symmetry group of R9,1×S1. While this gravitational background is a solution of M-
theory, it is also a solution of any string theory compactified on a circle, or for that matter,
any standard theory of gravity compactified on a circle. This will be the main example we
study in this work, though the arguments we present are not tied to string theory, or this
particular metric. They are based on symmetries and should apply to any gravitational
lump with a metric that asymptotes to flat Minkowski space-time. While we are restricting
to lumps in Minkowski space-times, these symmetry arguments should generalize to lumps
in any asymptotic space-time with some isometries, including cases that cannot be realized
in perturbative string theory like de Sitter space.
Instead of spelling out the match of degrees of freedom in general, let us just focus on
the 3 universal scalars of the D6-brane. Those scalars parametrize the position of the brane
in the transverse R3. In the dual gravitational description, Taub-NUT has a modulus ~y0,
which parametrizes its center. Associated to ~y0 are 3 metric moduli. These zero mode
fluctuations of the metric match the 3 scalars on the D6-brane. At weak coupling, we
expect the Dirac action to govern the scalars. What can we expect at strong coupling? In
the absence of symmetry, there is little hope of finding an interesting answer. However,
given that DBI is determined by spontaneously broken symmetries, we might expect that
those same symmetries provide similar constraints for gravitational lumps.
At first sight, this might seem unlikely. The standard way to determine the collective
coordinate dynamics of a metric like (1.5) proceeds by promoting each collective mode ~y0
to a slowly-varying field ~y0(x). Substituting into the D = 11 Einstein Hilbert action,
SD=11 =
1
2κ211
∫ √−GR, (1.9)
and integrating over the Taub-NUT space gives a 2 derivative effective action. For the Taub-
NUT solution, past studies of the collective coordinate effective action include [4–6]. There
has also been a suggestion that the higher derivative terms found in the BI action might
arise from higher curvature interactions in gravity [7]. Indeed there are higher derivative
gravitational interactions in M-theory and string theory beyond the 2 derivative terms
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captured by the Einstein-Hilbert action. Yet if broken symmetries are the fundamental
reason for the emergence of DBI on branes, we might hope that broken symmetries are also
sufficient to give DBI for gravitational lumps just from the Einstein-Hilbert action (1.9).
We will provide a physical argument that this is indeed the case for the universal scalars,
and we will provide evidence that this is also the case for the gauge-field. There is good
reason to expect that two derivative gravity alone is sufficient to see the Born-Infeld action
for the gauge-field. Maximal supersymmetry pairs the gauge-field with the scalars, and
essentially implies the full DBI action if the scalars are governed by the Dirac action.
We will not be using supersymmetry in this analysis. Rather, we are interested in the
implications of the universal symmetries present in any gravitational theory.
In section 2, we review how the Dirac action emerges for branes from broken symmetries.
We also discuss the extent to which symmetries determine the dynamics of the brane gauge-
field. For the gauge-field, we do not know of any space-time symmetry argument that
implies the Born-Infeld action, but there are interesting constraints that have been obtained
recently in [8, 9].2 These constraints require that Lorentz invariant operators involving the
gauge field strength F be constructed using the pulled-back metric gµν . However, this does
not imply the Born-Infeld action; for example, any power F n is in principle possible.
In section 3, we turn to gravitational lumps. We describe the relation between diffeo-
morphisms and global symmetries for general lumps. We then focus on our main example
of a single centered Taub-NUT space. In this gravitational setting, we find an analogue of
the inverse Higgs mechanism, which relates the Nambu-Goldstone (NG) bosons generated
by different broken Poincare´ generators [10]. Unlike the brane setting, the relation involves
the appearance of bulk modes. Using this constraint, we determine the action of the broken
and unbroken global symmetries on the NG bosons. The relations match those found in
the brane analysis, and imply that the Dirac equation governs these universal scalars. We
also find explicit expressions for the zero mode metric fluctuations corresponding to these
scalars. We then extend our analysis to include an abelian gauge-field. Once again, the
action of the nonlinearly realized symmetries generates both localized and bulk modes. Our
final result for the action on the localized gauge-field agrees with the brane analysis, which
again is not sufficient to imply the Born-Infeld action.
In section 4, we turn to the question of whether gravity can teach us more about the
gauge-field equation of motion. A sharp distinction between a free Maxwell theory and the
2If one is willing to use symmetries of string theory, like T-duality, then it is easy to derive the Born-
Infeld action on D-branes. However, we are really interested in the universal space-time symmetries of a
gravitational theory that do not depend on any specific ultraviolet completion.
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Born-Infeld theory is the existence of a critical electric field in the latter theory. Given the
prior transformation properties of the gauge-field under the broken Poincare´ symmetries, it
is essentially clear that the Born-Infeld action will govern the gauge-field if gravity can see
a critical electric field. To demonstrate that this is indeed the case, we construct the fully
back-reacted gravity solution for a constant electric field. We use string theory dualities as
a means of generating this solution. Indeed, a critical value for the electric field does emerge
from the structure of the gravitational solution. This actually gives us more information
than broken symmetries alone imply for the action on a brane.
There is one other significant motivation for us to understand whether and how DBI
emerges from Einstein-Hilbert gravity. The motivation follows from the field theories sup-
ported on branes with constant backgrounds that break Lorentz invariance. For example,
a D6-brane with a background B2-field in string theory can give rise to a non-commutative
field theory supported on the brane. At strong coupling, this brane configuration becomes
an interesting generalization of a Taub-NUT solution, closely related to the solution de-
scribed in section 4. Can a non-commutative gauge theory emerge from this gravitational
background with no non-abelian isometries? There are tantalizing hints that this might well
be the case, found in a perturbative expansion [11]. The sticking point in that past analysis
was precisely this question of whether DBI could really emerge from a 2 derivative theory
like (1.9). Given the results found here, we look forward to revisiting those questions with
the hope of eventually understanding more about the mysterious D = 6 (2, 0) interacting
chiral tensor theory, which can be constructed as a gravitational lump in type IIB string
theory.
In closing, we should also mention that our analysis, which is purely gravitational, should
have an interesting relation to the blackfolds program described in, for example, [12, 13].
That program is more in the spirit of including leading order gravitational back-reaction
around a brane configuration. The consistency constraints of supergravity have also been
shown to reproduce the full non-linear equations of DBI in interesting work heading toward
a DBI/supergravity correspondence in [14, 15]. The appearance of DBI from supergravity
was also discussed in [16], motivated by [17].
2 Deriving DBI for Branes
The Dirac action for a brane can be derived from the symmetries of a hypersurface embed-
ded in an ambient space-time. For simplicity we will start with the co-dimension 1 case,
which was described in [18, 19], but the construction can be extended to higher co-dimension
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straightforwardly [20–22].
There is a closely related approach using the coset construction for nonlinearly realized
symmetries. The standard coset formalism for global symmetries was extended to space-
time symmetries in [10, 23]. The derivation of the Dirac action in this language has been
worked out in a variety of places; for example, an explicit derivation can be found in [24].
2.1 Determining the scalar action
Imagine, for simplicity, a 3-brane embedded in a (4+1)-dimensional ambient space-time,M,
with coordinates XA and metric GAB. The location of the brane in the higher-dimensional
space-time is given by the embedding functions,
XA(σ) : R3,1 ↪→M , (2.1)
where σµ are coordinates on the brane. The XA are the dynamical variables. Tangent
vectors to the brane have components eAµ =
∂XA
∂σµ
. We can pull-back the metric in the
ambient space to find the induced metric on the brane:
gµν = e
A
µ e
B
ν GAB . (2.2)
There is also a single normal vector to the brane, which is transverse to the tangent vectors
and normalized:
nAeBµGAB = 0 , n
AnBGAB = 1. (2.3)
The normal and tangent vectors are used to construct the extrinsic curvature tensor,
Kµν = e
A
µ e
B
ν ∇AnB , (2.4)
where ∇A is the bulk covariant derivative. Brane diffeomorphisms act as follows,
δbraneξ X
A = ξµ∂µX
A, (2.5)
and we demand that the world-volume action be invariant under these reparameterizations.
This requires the action to be a diffeomorphism scalar constructed from the geometric
ingredients
S =
∫
d4x
√−gL(gµν ,∇µ, Rµνρσ, Kµν) . (2.6)
Note that Rµνρσ and Kµν are not independent ingredients because of the Gauss–Codazzi
relation,
Rµνρσ = KµρKνσ −KνρKµσ, (2.7)
6
which determines R in terms of K. It is therefore convenient to take Kµν as the fundamental
building block.
We now want to fix the gauge symmetries of this action. In order to accomplish this,
we choose a foliation of the bulk by surfaces of constant X4 and adapt the worldvolume
coordinates to this foliation by choosing static (Monge) gauge
Xµ(σ) = σµ, µ = 0, . . . , 3 X4(σ) = φ(σ), (2.8)
This is the usual gauge choice that identifies the 4 world-volume coordinates with bulk
coordinates. The remaining coordinate, φ, represents the dynamical degree of freedom of
the brane.
If the ambient space-time has any isometries, the brane action will inherit global sym-
metries. For each bulk Killing vector K satisfying,
LKGAB = KC∂CGAB + ∂AKCGCB + ∂BKCGAC = 0, (2.9)
the action inherits a global symmetry:
δbulkK X
A = KA. (2.10)
The pull-back of the bulk metric and the extrinsic curvature are both invariant under this
transformation, which implies invariance of the action (2.6). However, the transforma-
tion (2.10) generically does not preserve the gauge choice (2.8). Rather,
Xµ = σµ 7→ σµ +Kµ. (2.11)
To maintain our preferred gauge (2.8), we must perform a compensating brane diffeomor-
phism
δbrane−K X
A = −Kµ∂µXA, (2.12)
so that the combined transformation δK ≡ (δbulkK + δbrane−K ),
δKX
µ = 0, δKφ = −Kµ∂µφ+K4, (2.13)
is a global symmetry of the gauge-fixed action.
To derive the Dirac action in its traditional form, we choose a flat ambient space-time
M = R4,1. A convenient choice of coordinates for the bulk is given by,
ds2 =
(
dX4
)2
+ ηµνdX
µdXν , (2.14)
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where the bulk is foliated by constant X4 slices. The induced metric and extrinsic curvature
in static gauge are given by [19]
gµν = ηµν + ∂µφ∂νφ, Kµν = − ∂µ∂νφ√
1 + (∂φ)2
. (2.15)
From the perspective of a reparametrization invariant action, the lowest order action in a
derivative expansion is simply,
S =
∫
d4σ
√−g. (2.16)
On the other hand, after gauge-fixing this action takes the form:
S =
∫
d4σ
√−g = S =
∫
d4σ
√
1 + (∂φ)2. (2.17)
This is the lowest order action that enjoys the full ISO(4, 1) symmetry. Following [22], we
define the weight of an operator as the number of derivatives minus the number of scalar
fields. We might wonder whether the constraints imposed by broken Poincare´ invariance
are equivalent to the constraints imposed by reparametrization invariance for branes in flat
Minkowski space-time. Indeed, an argument for this equivalence for the universal scalars
appears in [25].
In order to see the global symmetries of this action, we note that the 5-dimensional
ambient Minkowski space-time has 15 Killing vectors,
PA = −∂A, JAB = XA∂B −XB∂A, (2.18)
corresponding to 5 translations and 10 rotations, which act on the coordinates as follows:
δbulkPB X
A = δAB, δ
bulk
JBCX
A = XCδAB −XBδAC (2.19)
Under a general Poincare´ transformation generated by cAPA + ΛABJ
AB, we note that
δbulkXµ = ΛµνX
ν + Λµ4X
4 + cµ. (2.20)
Under the action of P4, we see that X
µ does not transform. However, it does transform
under Jµ4 so we require a compensating brane diffeomorphism to maintain static gauge.
δbraneXµ = −Λµ4X4. (2.21)
Using (2.13), we see that the global symmetries of the gauge-fixed action are
δP4φ = c
4, δJµ4φ = σ
µ + φ∂µφ, (2.22)
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with the 10 symmetries, Pµ = −∂µ, Jµν = σµ∂ν − σν∂µ, realized linearly on φ. The first
symmetry of (2.22), broken translation invariance, simply requires each φ to appear with a
derivative and thus forbids any potential for φ. The really powerful transformation is the
second symmetry of (2.22), broken Lorentz invariance, which forbids a free scalar action
S =
∫
(∂φ)2,
and requires the higher derivative interactions that appear in the Dirac action (1.1).
For later use we note that the induced metric,
gµν = ηµν + ∂µφ∂νφ,
has the following transformation under a broken Lorentz symmetry: imagine boosting the
transverse direction into a world-volume direction specified by a vector field vµ. Under this
broken symmetry, we see that
δvµJµ4gµν =
(
φvλ
)
∂λgµν + gλν∂µ
(
φvλ
)
+ gλµ∂ν
(
φvλ
)
. (2.23)
We recognize this transformation as the action of the Lie derivative, Lφvµ , along the direction
specified by the vector φvµ.
2.2 Including the gauge field
Given that the lowest weight action for the scalars is nicely determined by broken Poincare´
invariance, it is natural to ask whether the full DBI action (1.1) including the gauge-field
might also follow from space-time symmetries.
There has been interesting progress in this direction initiated in [8], and nicely clarified
in [9]. In addition to the Nambu-Goldstone modes, imagine an abelian gauge-field, Aµ,
supported on the brane world-volume. This is a quite different perspective on the world-
volume gauge field than the usual string theory perspective, where both the universal scalars
and the world-volume gauge field arise from the dimensional reduction of a D = 10 vector
field.
The key observation is that this brane gauge field must also transform in order to
nonlinearly realize the higher-dimensional Poincare´ symmetry. Under D = 4 translations
and Lorentz rotations, Aµ transforms as a 1-form. Under translations and boosts into the
fourth direction, Aµ does not transform:
δP4A = 0, δJµ4A = 0. (2.24)
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However, as described above, Jµ4 must be accompanied by a compensating world-volume
diffeomorphism under which Aµ transforms as a 1-form:
δAµ = −Λλ4 (φ ∂λAµ + Aλ∂µφ) . (2.25)
Note that under this symmetry the field strength transforms,
δvµJµ4Fµν =
(
φvλ
)
∂λFµν + Fλν∂µ
(
φvλ
)
+ Fµλ∂ν
(
φvλ
)
, (2.26)
again by the action of the Lie derivative along the vector φvµ, just like the brane met-
ric (2.23). We therefore see that any diffeomorphism invariant object constructed from gµν
and Fµν will nonlinearly realize the D = 5 Poincare´ symmetries.
It is true that the linear combination gµν + λFµν , with λ an arbitrary parameter, trans-
forms like a tensor. Diffeomorphism invariants constructed from this object will be invariant
under the ambient space Poincare´ symmetries. A natural low order invariant is the combi-
nation,
S =
∫
d4x
√
det (gµν + λFµν), (2.27)
which is just the normal DBI action. Unfortunately, this is not a unique choice. For
example, the combination FµνF
µν can also be used to build a good coupling if the indices
are raised with the full pulled-back metric.
A way to understand this goes as follows: both g and F transform the same way under
the broken Poincare´ generators. If one only has g to build diffeomorphism invariants then
the lowest weight action is uniquely the Dirac action. With both g and F , any diffeomor-
phism invariant combination will automatically respect the broken Poincare´ symmetries.
To uniquely select the DBI action, one needs something more: either a larger symmetry
like supersymmetry or some additional input.
Despite not uniquely selecting the DBI action, the nonlinearly realized symmetries do
require interesting interactions between any additional fields in the theory and the Nambu-
Goldstone modes. The argument of [8] can be extended to an arbitrary field, either bulk
or brane, transforming in a representation of either ISO(D, 1) or ISO(p, 1) for a p-brane
in a D+ 1-dimensional space-time [9]. We suspect this will give interesting data about the
couplings on D-branes, only a subset of which are currently understood.
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3 Gravitational Lumps
3.1 Diffeomorphisms and global symmetries
We now turn to gravitational lumps. The picture is quite different from a brane because
there is no analogue of brane world-volume coordinates, σµ, distinct from space-time coordi-
nates, or a notion of an embedding. Rather there is simply a non-compact space-time metric
on which we Kaluza-Klein reduce to find localized modes. Consider a D + 1-dimensional
space-time metric of product form,
ds2 = gMNdX
MdXN = ηµνdx
µdxν + gij(y)dy
idyj. (3.1)
The product form of the metric could be generalized to a warped metric, but for simplicity,
we will retain the simple product structure. The Minkowski space-time metric is p +
1-dimensional. This is the analogue of the brane world-volume. The assumed product
structure for (3.1) describes a static lump. Boosted lumps will typically involve off-diagonal
metric terms. We will allow circle identifications for the asymptotic metric so that solutions
like Kaluza-Klein monopoles are permitted, but no more general compactifications. The
Euclidean metric gij is therefore assumed to be asymptotically flat:
gij(y)→ δij +O(y−1) as |y| → ∞. (3.2)
We will not be very precise about necessary decay conditions on the metric. The decay
rate (3.2) will be sufficient for our discussion, and germane to a large class of examples.
The space-time possesses the asymptotic isometry group
G = SO(d, 1)nRd,1 × U(1)D−d = ISO(d, 1)× U(1)D−d. (3.3)
This group is reduced from ISO(D, 1) because of the circle identifications U(1)D−d. Only
a subgroup, H, acts as isometries away from infinity:
H = ISO(p, 1)× Ĝ, (3.4)
where p + 1 is the dimension of the Minkowski space-time of (3.1) and Ĝ is the isometry
group of the metric gij. We will assume that gij breaks all the non-compact translational
symmetries, Rd−p, that act on the y coordinates at infinity.
In a gauge theory like gravity, gauge transformations are generated by compact dif-
feomorphisms which asymptote to the identity at infinity. These transformations identify
points in the configuration space of fields. On the other hand, the asymptotic symmetry
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group, generated by large diffeomorphisms, acts like a global symmetry group—rotating
distinct states into each other rather than identifying them. The subgroup H then consists
of those global symmetries that are linearly realized in the background, while the coset
G/H must be nonlinearly realized. By our assumptions, this coset includes the generators
of translations in the y-coordinates, which we denote by Pi, as well as those generators that
rotate y- and x-coordinates into each other. We denote these generators by Mµi and call
them, generically, boosts.
To the generators of broken symmetries, we expect associated Nambu-Goldstone bosons.
For global symmetries, this association is one to one. However because these are space-time
symmetry generators, the association between NG-bosons and broken generators is not one
to one. Rather the NG-bosons corresponding to the Mµi are not independent of those
corresponding to the Pi generators; this dependency is sometimes called the inverse Higgs
constraint [26]. In our gravitational setting, an analogue of the inverse Higgs mechanism
arises in a somewhat different way. Let us explore precisely how in an explicit family of
metrics.
3.2 Gravitational instantons
No condition that we have imposed so far on the metric (3.1) would lead to a reasonable
definition of a gravitational lump or brane. We would like the metric to admit normalizable
zero modes that give rise to p+1-dimensional fields. Those localized modes are the analogue
of brane world-volume fields. So let us focus on our primary example of the Taub-NUT
metric which, as we discussed in section 1, is well motivated from string theory.
The Taub-NUT metric falls into a larger class of complete, self-dual or anti-self-dual
metrics on R4, known as Gibbons-Hawking spaces. The self or anti-self-duality of the
curvature 2-forms for these metrics is one reason that these Euclidean four-dimensional
solutions can be viewed as gravitational instantons. They take the general form [3]:
ds2 = H(~y)d~y2 +
1
H(~y)
(
dχ2 + ~A(~y) · d~y
)2
, (3.5)
where
∇H = ±∇× ~A ⇒ ∇2H = 0. (3.6)
The ± correlates with self- and anti-self-duality, respectively. A general solution with k
centers is given by,
H(~y) = +
k∑
i=1
`i−1
|~y − ~yi−1| . (3.7)
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The apparent singularities at ~y = ~yi are removable ‘nut’ singularities only if `i−1 = ` and
the coordinate χ has periodicity 4pi `
k
[27]. The parameter  ≥ 0 can be transformed to
either 1 or 0 by a constant rescaling of the metric. So there are two families of solutions
depending on the values of (, k):
EHk : (0, k), TNk : (1, k). (3.8)
The first Eguchi-Hanson family of metrics, EHk, is ALE, with asymptotic volume growth
matching that of the flat metric on R4. The boundary of EHk is given by the lens space
L(k, 1). These spaces comprise the A-series of a general ADE classification of ALE spaces.
The second family of multi-centered Taub-NUT spaces, TNk, are ALF spaces with
asymptotic volume growth like that of R3. The boundary of TNk is given by the total
space of an S1 fibration over S2 with topological charge k. For k = 0, the boundary is
S1×S2, while for k = 1 we find the Hopf fibration of S3. For k ≥ 1, the boundary is again
the lens space L(k, 1) mentioned previously.
Let us focus our attention on the simplest example of a single-centered Taub-NUT
metric. For the moment, we will just consider this 4-dimensional metric without appending
a Minkowski space-time. A perturbation h of a background metric g is a zero-mode (to first
order) if it satisfies the linearized Einstein equation. For a transverse traceless perturbation,
this equation reads
∆Lhij = ∇p∇phij − 2Rpijqhpq = 0, (3.9)
where ∇ and R are defined with respect to g, and ∆L is the Lichnerowicz operator. This
condition follows from the quadratic action for the fluctuation h,
S[g + h] =
∫
d4y
√
|g| R[g] +
∫
d4y
√
|g| (∇phmn∇phmn + 2Rpmnqhmnhpq) + . . . . (3.10)
It is easier to do calculations with the Taub-NUT metric written in spherical coordinates
so let us introduce spherical coordinates (y, θ, ψ, χ),
ds2TN = H(y)
(
dy2 + y2dθ2 + y2 sin θ2dψ2
)
+H(y)−1 (dχ+ cos θdψ)2 . (3.11)
This is the metric with the nut singularity located at ~y0 = 0. We have set ` = 1 so that,
H(y) = 1 +
1
y
. (3.12)
We can choose coordinates so that the nut singularity is located at an arbitrary point ~y0.
These three collective coordinates describe a family of metrics with the same action. Let
us denote this family of metrics by gij(y; ~y0) to spell out this dependence.
13
Metric perturbations which correspond to derivatives with respect to collective coordi-
nates are guaranteed to be zero modes; however, they are not guaranteed to be normalizable.
As can be checked explicitly, the perturbations
δg(i)mn =
∂
∂yi0
gmn(y; ~y0), i = 1, 2, 3, (3.13)
are not L2 normalizable with respect to the inner product,
〈hmn, hpq〉 :=
∫
d4y
√
|g| hmnhpqgmpgnq. (3.14)
acting on transverse, ∇mhmn = 0, and traceless perturbations [28]. Instead, the L2 nor-
malizable zero-modes differ from the δg(i) above by compactly supported diffeomorphisms,
which are pure gauge fluctuations. The normalizable zero-modes take the form
h(i)mn =
∂
∂yi0
gmn(y; ~y0) + Lηigmn, (3.15)
where ηi is a compactly supported vector field.
A convenient way to derive the zero-modes is from a set of harmonic functions. This
observation was used in [28] to find zero modes for the Schwarzschild metric. Suppose
f (i) is a harmonic function on Taub-NUT and that the gradient of f (i) asymptotes to an
asymptotic Killing vector
∇mf (i) →
(
∂
∂yi
)m
. (3.16)
In this case the metric perturbation,
h(i)mn = ∇m∇nf (i), (3.17)
is transverse and traceless:
∇mh(i)mn = gmnh(i)mn = 0. (3.18)
It is also guaranteed to be a zero mode because it is the combination of a true diffeomor-
phism along with an asymptotic isometry.
A set of such functions are the coordinates themselves:
{f (1), f (2), f (3)} = {y sin θ cosψ, y sin θ sinψ, y cos θ} = {y1, y2, y3}. (3.19)
Somewhat surprisingly, we find that the coordinates themselves are harmonic on the full
Taub-NUT metric:
∇2f (i) = 0. (3.20)
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It is worthwhile making explicit the vectors that generate the zero modes:
gmn∇nf (1) = 1
H
(
∂
∂y1
)m
− 1
H
cot θ sinψ
y
(
∂
∂χ
)m
,
gmn∇nf (2) = 1
H
(
∂
∂y2
)m
+
1
H
cot θ cosψ
y
(
∂
∂χ
)m
,
gmn∇nf (3) = 1
H
(
∂
∂y3
)m
.
(3.21)
These vectors asymptote to the Killing vectors and rotate as a triplet under the SO(3)
isometry. Furthermore, the perturbations derived from the f (i) are normalizable and have
the following L2 norm,
〈h(i)mn, h(j)pq 〉 = 8pi2δij. (3.22)
3.3 Motion on the moduli space
So far we have only described zero mode fluctuations of the Taub-NUT metric. We now
enlarge the space-time to include p+ 1-directions orthogonal to the Taub-NUT space with
a Minkowski metric:
ds2 = ηµνdx
µdxν + ds2TN := gMNdX
MdXN . (3.23)
The previously mentioned described zero-modes of Taub-NUT are still zero-modes, and they
are still transverse and traceless. However, we would like to allow the collective coordinates
of Taub-NUT to slowly vary over the rest of space-time. We do this by considering a new
perturbation
δgMN =
(
0 0
0
∑
i φ
i(x)h
(i)
mn
)
, (3.24)
where we have split the perturbation according to the index split M → (µ,m). This is still
traceless and transverse because the total space is a product metric and φ depends only on
x. Therefore, it will remain a zero mode if
∇P∇P δgMN − 2RPMNQδgPQ = 0, (3.25)
which implies
∂µ∂µφ
i(x) = 0. (3.26)
This equation of motion can also be derived by plugging the perturbation δgMN into a
quadratic action similar to eq. (3.10) and integrating over the Taub-NUT directions to
15
arrive at an effective lower-dimensional action. The use of the normalizable h(i) is necessary
for that procedure. We see Klein-Gordon emerge to leading order in metric fluctuations.
This is typically as much as can be extracted from the moduli space approximation. To
get higher velocity interactions, we will need to understand the symmetries of the theory
in more detail.
3.4 The inverse Higgs constraint
We have already found, to first order, the metric fluctuations that generate the NG-bosons
corresponding to broken translations. Up to a gauge transformation, they are given by,
δgMN = φ
i(x)LPigMN . (3.27)
We saw in section 3.2 that this mode is not normalizable unless we modify it by compactly
supported diffeomorphisms, so we will view (3.27) as in the same gauge equivalence class
as the leading order normalizable zero-mode.
The perturbation (3.27) changes the metric to
ds2 = gMNdX
MdXN = ηµνdx
µdxν +
(
gij(y) + φ
k(x)LPkgij(y)
)
dyidyj, (3.28)
This metric is still in a warped product form so that the coordinate vectors associated with
xµ and yi are orthogonal. This is how we distinguish ‘internal’ from ‘space-time’ directions.
Just like the case of broken translations, the NG-bosons corresponding to boosts should
be given, at lowest order, by
δgMN = K
µi(x)LMµigMN . (3.29)
This fluctuation does not, however, preserve the warped product structure. Define the
vector Maµi by
Maµi = xµ
(
∂
∂yi
)a
− yi
(
∂
∂xµ
)a
, (3.30)
where we raise and lower the µ- and i-indices on the coordinates with ηµν and δij respectively.
The Lie derivative along this vector-field changes the metric as follows:
LMµigνλ = 0,
LMµigνj = (gij − δij) ηµν ,
LMµigjk = xµLPigjk.
(3.31)
Note that each term on the right hand side vanishes as y → ∞. Note also that apart
from the cross-term, the action of Mµi on the metric is identical to that of the translation
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perturbation with φi(x) = xµ. So we need to understand the meaning of the second line
of (3.31). The right hand side of (3.31) defines a metric perturbation with components
(hνj, hjk). The fluctuation LPigjk for large y decays like 1y2 . On the other hand, the
asymptotic metric gij tends to a flat metric as |y| → ∞ so the fluctuation hjk, which is
proportional to LPigjk is normalizable in the asymptotic region with respect to the inner
product (3.14):
〈hjk, hlm〉 :=
∫
d4y
√
|g| hjkhjk ≈
∫
|y|→∞
y2dy
1
y4
<∞. (3.32)
On the other hand, hνj ∼ (gij − δij) behaves like 1y for large y so the fluctuation is not
normalizable:
〈hνj, hρk〉 :=
∫
d4y
√
|g| hνjhνj ≈
∫
|y|→∞
y2dy
1
y2
→∞. (3.33)
More importantly, it cannot be made normalizable by adding any compactly supported
diffeomorphism.
This is the first appearance of a novelty found in the action of the spontaneously broken
Poincare´ generators in a gravitational theory: they act not only on the normalizable ‘brane’
modes, but also on the non-normalizable bulk modes. We will see this phenomenon again
shortly. In this setting, because of the asymptotic circle the bulk modes are effectively
p+ 4-dimensional fields while localized modes are p+ 1-dimensional fields.
To actually generate a normalizable zero mode, we should modify Mµi by a compactly
supported diffeomorphism similar to that appearing in (3.15). This is equivalent to modi-
fying the asymptotically normalizable portion of the metric perturbation to be transverse
and traceless, which amounts to:
LMµigjk = xµLPigjk → xµh(i)jk , (3.34)
where h
(i)
jk is one of the three normalizable perturbations appearing previously. We can now
state the gravitational analogue of the inverse Higgs mechanism: namely, the action of Mµi
on the metric generates a normalizable zero mode proportional to the zero mode generated
by Pi, but it also generates an accompanying non-normalizable bulk metric perturbation.
3.4.1 Transformations under H and G/H
Now we have seen that, at lowest order, the normalizable metric perturbations describing
the independent NG-bosons are entirely captured by those of translations; namely,
δgMN = φ
i(x)LPigMN , (3.35)
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up to a gauge transformation. We would next like to ask how the φi(x) transform under
both the broken and and unbroken symmetries. To answer this question, we first need to
generate an “embedding” for our gravitational lump. An embedding for a brane is described
by the space-time variation of the universal scalars φi(x) that determine the location of the
brane in the transverse space. So we will wiggle our metric by allowing the center of the
Taub-NUT space to vary as a function of the space-time x-coordinates. This perturbed
metric takes the form,
gMN(φ) = e
φi(x)LPigMN . (3.36)
We do not expect this to be the unique way to wiggle the metric, but it is a physically well
motivated perturbation. The metric (3.36) is not generally a solution of Einstein’s equa-
tions, but determining the action of symmetries should not require an on-shell background.
The metric does now depend on φi(x) and we can study the action of the generators of G
on the perturbed metric (3.36) in order to determine how those generators act on the φi
fields.
For example, a translation by a constant ai for the yi-coordinate acts as follows,
ea
iLPieφ
i(x)LPigMN = e(
φi(x)+ai)LPigMN ,
= gMN(φ+ a).
(3.37)
Now consider a boost with parameter Λµi,
eΛ
µiLMµieφ
i(x)LPigMN = exp
{
(φi + Λµixµ + y
jΛµj∂µφ
i)LPi
+φiL[Λ,Pi] +O(2)
}
gMN , (3.38)
where we have defined Λ = ΛµiMµi. In writing this expression, we are omitting the com-
pactly supported diffeomorphisms needed to to generate normalizable zero modes. This is
just to avoid clutter. We are also using the inverse Higgs constraint from section 3.4 to
express the action of LMµi in terms of LPi up to a non-normalizable bulk fluctuation. The
bulk fluctuation is orthogonal to the normalizable zero modes and what we want to extract
is the action of the symmetry on the normalizable ‘brane’ modes.
The commutator is simple to evaluate,
[Λ, Pi] = Λ
µ
i
(
∂
∂xµ
)
. (3.39)
This is a manifest isometry of gMN . An application of the Baker-Campbell-Hausdorff
formula allows us to pull this to the right of the main exponential, where it acts trivially
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on gMN , yielding:
eΛ
µiLMµieφ
i(x)LPigMN = exp
{
(φi + Λµixµ + y
jΛµj∂µφ
i
−1
2
φjΛµj∂µφ
i)LPi +O(2)
}
gMN . (3.40)
We interpret the object in parentheses above as the transformation of φi under a boost.
However, as before, the action of a boost includes a perturbation that is not normalizable
in the asymptotic region of large y. Specifically, the metric perturbation generated by the
operator yjΛµj∂µφ
iLPi decays like 1y as y →∞.
Another way to note that this perturbation is orthogonal to the normalizable zero modes
h
(i)
mn with respect to the inner product 〈·, ·〉 given in (3.14) is because of parity; the zero
modes h(i) are odd under ~y → −~y, while the perturbation generated by yjΛµj∂µφiLPi is
even. Therefore, acting on the zero mode, boosts induce precisely the transformation found
in the brane analysis of section 2.1, and needed to give the Dirac action, up to additional
non-normalizable bulk metric perturbations:
φi → φi + Λµixµ − 1
2
φjΛµj∂µφ
i +O(2). (3.41)
3.4.2 Including a gauge field
Our discussion so far has been concerned with scalar degrees of freedom. In section 2.2, we
described how the action for gauge-fields on branes is also constrained by the broken global
symmetries. In this section, we turn our attention to gauge-fields in the gravity context
and, specifically, for our example of the Taub-NUT space.
Let us start by describing how gauge-fields emerge from Kaluza-Klein reduction of 11-
dimensional supergravity on a Taub-NUT space. Similar comments apply to type IIA
string theory. For a nice discussion of this Kaluza-Klein reduction and the leading terms
in the effective action for the gauge-fields, see [5]. The 11-dimensional supergravity theory
contains a metric g and the 3-form potential C3 as bosonic fields. The bosonic terms in the
supergravity action take the form
S =
1
2κ211
∫
d11x
√−g
(
R− 1
2
|G4|2
)
− 1
2κ211
∫
1
6
C3 ∧G4 ∧G4, (3.42)
where RMN is the Ricci tensor and R = gMNRMN is the Ricci scalar. The equations of
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motion that follow from (3.42) are:
RMN = 1
12
(
GMPQRG
PQR
N − 2 gMN |G4|2
)
. (3.43)
d ? G4 = −1
2
G4 ∧G4, (3.44)
where the norm of a rank p tensor is defined by
|T |2 = 1
p!
gM1N1 · · · gMpNpTM1...MpTN1...Np .
In the absence of explicit M5-brane sources, the field strength also satisfies the Bianchi
identity dG4 = 0. Our ansatz (4.5) for the potential gives a field strength G4 = dC3 which
automatically satisfies this constraint.
In a pure metric background like the Taub-NUT solution, the Chern-Simons coupling
of (3.42) is irrelevant and localized zero-modes for C3 correspond to normalizable harmonic
forms. Fortunately there is a unique normalizable 2-form. Let ω2 denote this closed 2-form.
Uniqueness implies that it must be either self-dual or anti-self-dual on the 4-dimensional
Taub-NUT space, and indeed it is anti-self-dual with our metric convention
ω2 = − ∗ ω2. (3.45)
On a non-compact space like Taub-NUT, this form can always be trivialized:
ω2 = dξ1. (3.46)
The 1-form ξ1 is nicely expressed in terms of the variables (3.11),
3
ξ1 =
1
H
(dχ+ cos θdψ) . (3.47)
We can decompose C3 into a 7-dimensional gauge-field together with a closed 2-form B2 as
follows,
C3 = A1(x) ∧ ω2 +B2(x) ∧ ξ1. (3.48)
The gauge symmetry for C3 consists of shifts by an exact 2-form
C3 → C3 + dΛ2. (3.49)
Imagine space-time-dependent gauge transformations of the form,
Λ2 = λ0(x)ω2 + λ1(x)ξ1, (3.50)
3We are using a slightly different choice of normalization for ξ1 from the choice found in [11]. The
difference is only a numerical factor.
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where λp denotes an p-form, rather than more general (x, y)-dependent gauge transforma-
tions. Under such transformations,
A1 → A1 + dλ0, B2 → B2 + dλ1, A1 → A1 − λ1. (3.51)
Defining the field strength F2 = dA1, we see that only the combination F2 +B2 is invariant
under λ1 gauge transformations. This is a familiar structure from the physics of D-branes.
For the most part, we will not be concerned with λ1 gauge transformations, but rather
our interest will focus on A1 and the standard abelian gauge transformations parametrized
by λ0. We need to determine how the large diffeomorphisms that generate the broken global
symmetries act on C3, and therefore on A1.
First we would like to observe that A1 can be viewed as a Nambu-Goldstone vector for
a broken global 2-form symmetry. In this respect, it is quite similar to the universal NG
bosons we discussed earlier. The following comments are motivated by a similar viewpoint
expressed in [29]. For our pure metric background configuration, we chose the potential
C3 = 0. The choice that C3 vanish identically is not gauge-invariant. We can choose
any other potential C3 = dΞ2, as long as Ξ2 vanish at infinity, i.e., that this is a true
gauge transformation. Choosing C3 = 0 asymptotically, however, spontaneously breaks the
corresponding global symmetry under which C3 transforms with a parameter Ξ2 that does
not vanish asymptotically.
In this background, there exists such a global transformation given by
Ξ2 = A1 ∧ ξ1, (3.52)
where A1 is now taken to be a constant 1-form transverse to the Taub-NUT metric and
ξ1 is defined in (3.47). The key point is that dξ1 = ω2 is normalizable, although ξ1 is not
normalizable. Using (3.52), the transformation of C3 is
δC3 = A1 ∧ ω2. (3.53)
This is not a gauge transformation because ξ1 does not vanish at infinity; however, because
ω2 is closed, the gauge-invariant field strength G4 is unchanged: δG4 = 0. This in analogy
to the scalar case considered previously. In that case, for a constant φ, the metric
eφLPy gMN (3.54)
is not related to the original metric by a gauge transformation, because the vector field
Py does not vanish at infinity. However, this metric trivially still satisfies the equation of
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motion, because it only differs from the original metric by a Lie derivative. The next step,
in this scalar case, was to enhance φ to a function of the Minkowski coordinates φ(x). The
analogous promotion makes the constant A1 a space-time field. From this perspective, A1
and the NG-bosons are on similar footing. Alternately, one can simply view A1 as arising
from Kaluza-Klein reduction.
Now consider the perturbation,
δC3 = A1(x) ∧ ω2 ⇒ δG4 = F2 ∧ ω2. (3.55)
Plugging into the action and integrating over the Taub-NUT space gives the equation of
motion for F2:
d ∗7 F2 = 0, (3.56)
where ∗7 is the Hodge operator in the 7-dimensional Minkowski space. This equation of
motion is only true to leading order in the fluctuation. The full equations of motion (3.43)
and (3.44) are highly non-linear.
How does A1 transform under the broken Lorentz symmetry? For the scalar field, we
found the correct transformation by simply acting with LΛ on the metric. Let us try
the same approach here. We will use two nice identities for the action of Lie derivatives:
“Cartan’s magic formula” and a simple corollary:
Lζηp = {d, ιζ}ηp,
Lζ (ηp ∧ ωq) = (Lζηp) ∧ ωq + ηp ∧ Lζωq.
(3.57)
In these expressions, ζ is some vector field while ηp and ωq are form fields of denoted degree.
Moving onto business, we compute:
LΛ (A1 ∧ ω2) = ιΛF2 ∧ ω2 + F2 ∧ ιΛω2. (3.58)
Comparing with (2.25), we see that neither of these terms should be there since we have
yet to wiggle the metric so effectively φ = 0 in this setup. Can we explain them away? The
first term,
(ιΛF2)µ ∼ yiΛνiFνµ, (3.59)
has explicit y-dependence. The corresponding form yiω2 is therefore orthogonal to the
harmonic 2-form in much the same way as we saw for the scalar. In other words, this is a
transformation of either massive or non-normalizable modes, but not of A1. The reasoning
for the second term is similar. Specifically, ιΛω2 is a 1-form on Taub-NUT which we can
write in the form
ιΛω2 = LΛξ1 − d (ιΛξ1) . (3.60)
22
The first term on the right hand side of (3.60) is non-normalizable, and the second term is
a closed 1-form. However, there are no normalizable closed 1-forms on Taub-NUT. Again
we find a transformation of A1 into bulk modes under the boost.
What about for non-zero φ(x)? In this case, we introduce a wiggled version of the
metric, as before, and a φ-dependent version of δC3:
{gMN(φ), δC3(φ)} = {eφi(x)LPigMN , A1 ∧ ω2(φ)}. (3.61)
Here we have defined the wiggled 2-form as follows:
ω2(φ) = d
(
eφ
i(x)LPiξ1
)
. (3.62)
The advantage of this definition is that ω2(φ) is still a closed form. Now we want to see
how this configuration is modified by the boost operator,
eLΛ
{
eφ
i(x)LPigMN , A1 ∧ ω2(φ)
}
=
{
eφ
′i(x)LPigMN , A′1 ∧ ω2(φ′)
}
, (3.63)
where φ′ and A′1 are the transformed fields. In particular, we found previously that when
A1 = 0,
φ′i = φi + ∇Λφi + (Λ · x)i − 1
2
∇Λ·φφi +O(2). (3.64)
So we want to analyze
eLΛ (A1 ∧ ω2(φ)) . (3.65)
This splits into two terms,(
eLΛA1
) ∧ ω2(φ) + A1 ∧ d(eLΛeφi(x)LPiξ1) , (3.66)
where in the second term we have used the observation that d commutes with the Lie
derivative. Furthermore, in the second term we see the combination of exponentials that
enacted the change from φi to φ′i in the metric. Again, the BCH relation combined with
the inverse Higgs constraint enacts this change in this case. To be more explicit, at linear
order in , the modified form field in (3.65) can be expressed as
(δA1) ∧ ω2(φ) + A1 ∧ ω2(δφ), (3.67)
where both δA1 and δφ are linear in . So, to examine the transformation of A1, namely
δA1 we are interested in the first term above, which by the previous argument corresponds
to to the first term in (3.66).
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Expanding the Lie derivative, and working only to order , the first term in (3.66) is
given by
(ιΛF2 ∧+d(ιΛA1)) ∧ d
(
eφ
i(x)LPiξ1
)
. (3.68)
At this point, we also want to work only to first order in φ since the transformations with
which we are comparing (2.25) are only linear in φ. So we expand the exponential and
ignore the φ-independent term, because this will be the same as in the case when φ = 0,
explained previously. We find,
ιΛF2 ∧ d
(
φi(x)LPiξ1
)
+ d(ιΛA1) ∧ d
(
φi(x)LPiξ1
)
. (3.69)
The second term is exact and corresponds to a gauge transformation of C3 so we can drop
it. This leaves
ιΛF2 ∧ dφi(x) ∧ LPiξ1 + φi(x)ιΛF2 ∧ LPiω2. (3.70)
Finally, we can ‘integrate by parts’ to move the LPi operator in the following way. In
addition to being able to ignore exact terms, we claim that we can also ignore terms that
are LPi of anything. Since the only y-dependence comes from ω2 or ξ1 and the interior
product ιΛ acting on a space-time form, integration by parts has the effect of transferring
the LPi operator from ξ1 to ιΛF2. This leaves us with
LPi (ιΛF2) ∧ dφi(x) ∧ ξ1 + φi(x)LPi (ιΛF2) ∧ ω2. (3.71)
At this point, we note that the first term is a space-time form wedged with ξ1. It represents
a non-normalizable fluctuation that we will neglect as we have been consistently doing for
all other non-normalizable modes.
The second term is finally of the form δA1 ∧ ω2, and so we can extract
δA1 = φ
i(x)LPi (ιΛF2) . (3.72)
We can compare to the transformation in (2.25) by writing this in components:
δAµ = φ
iΛνiFνµ. (3.73)
This agrees with (2.25) up to a field-dependent A1 gauge transformation. From gravity,
we at least recover the constraints seen from a brane analysis. In the following section, we
will turn to the question of whether we can see more than the constraints found in a brane
analysis.
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4 Seeing A Critical Electric Field
We would now like to examine whether gravity gives us more data about the equation of
motion for the gauge-field. The broken Poincare´ transformations reproduce the same data
found in a brane analysis, but those constraints are insufficient to imply the Born-Infeld
action for the abelian gauge-field A1. A striking difference between the Born-Infeld theory
and a free Maxwell theory is the existence of a critical electric field. Any constant electric
field is a solution of the Maxwell theory, but there is a maximum value permitted by (1.1).
If we can see a critical value emerge from gravity, we will have strong evidence that standard
two derivative gravity on a Taub-NUT space gives rise to the Born-Infeld theory. This has
to be quite non-trivial to see because a critical value for the electric field E cannot be seen
in a perturbative expansion of
1√
1− E2 (4.1)
around small values of E. Rather, we need data about the back-reacted gravitational
solution for finite E.
Imagine turning on a constant electric field E for A1 in the x1 direction. The presence
of this field strength will deform the Taub-NUT solution. Kaluza-Klein reduction on Taub-
NUT does not give a localized graviton. Gravity is a bulk phenomena; the brane modes
only consist of A1 together with the NG-bosons. The back-reaction from E should deform
only the Taub-NUT directions, and possibly distinguish the (x0, x1) directions relative to
the other spatial x directions. Symmetry requires the deformation to depend only on the
radial coordinate y. With these considerations, the deformed metric takes the generic form
ds2electric =H1(y)
{−dx20 + dx21}+H2(y){dx22 + . . .+ dx26}
+H3(y)
(
dy2 + y2dθ2 + y2 sin θ2dψ2
)
+H4(y)
−1 (dχ+ cos θdψ)2 . (4.2)
In the prior case without an electric field,
H1 = H2 = 1, H3 = H4 = H(y) = 1 +
1
y
, (4.3)
where we have chosen ~y0 = 0. As in the discussion of section 3.4.2, we define
ξ1 = dχ+ cos θdψ. (4.4)
An electric field with magnitude proportional to a constant E corresponds to a background
potential
C3 = EH5(y) dx
0 ∧ dx1 ∧ ξ1, (4.5)
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where H5(y) → 1 as y → ∞. It is this background potential (4.5) which produces the
warping of the metric (4.2).
A direct analysis of the Einstein equations involves solving for the 5 functions, Hi(y), of
the single variable y. This is not an easy task, but not a completely hopeless task because
of a lot of data can be gleaned by studying the leading 1
y
terms in the expansion of each Hi.
However, we can use string theory as a solution generating technique to arrive at the fully
back-reacted solution. Specifically, T-duality can be used to generate constant magnetic
or electric fields from toroidal metric configuration with off-diagonal metric terms. This
approach was used in [11] to generate deformed Taub-NUT solutions with magnetic fields,
following the earlier work of [30, 31] in the context of other branes with background fluxes.
With this technique, the five Hi(y) can be written in terms of two functions h1(y) and
h2(y) depending only on a single parameter which we call α:
H1 = h
2
3
1 h
− 2
3
2 , H2 = h
− 1
3
1 h
1
3
2 , H3 = h
2
3
1 h
1
3
2 , H4 = h
1
3
1 h
2
3
2 , H5 = h
−1
2 . (4.6)
And
h1(y) = 1 +
α
y
, h2(y) = 1 +
1
αy
. (4.7)
Note that if α = 1 and E = 0, we reproduce the undeformed Taub-NUT solution. We
would like to see how the equations of motion determine α in terms of E when the latter
is non-zero.
Let us first check that the ansatz (4.5) combined with the assignment (4.6) solves the
tensor field equation of motion. The G4 ∧ G4 term in the equation of motion vanishes so
we need only focus on the left hand side of (3.44). To compute the left hand side, take a
convenient orthonormal basis
e0 = h1(y)
1
3h2(y)
− 1
3dx0, e1 = h1(y)
1
3h2(y)
− 1
3dx1,
eµ = h1(y)
− 1
6h2(y)
1
6dxµ, µ = 2, . . . 6,
ey = h1(y)
1
3h2(y)
1
6dy, eθ = h1(y)
1
3h2(y)
1
6ydθ, eψ = h1(y)
1
3h2(y)
1
6y sin θdψ,
eχ = h1(y)
− 1
6h2(y)
− 1
3 (dχ+ cos θdψ) . (4.8)
The metric expressed in this basis is ds2electric = eµe
µ+e2y +eθ
2 +eψ
2 +eχ
2 and we determine
an orientation by choosing a volume form:
e0 ∧ . . . ∧ e6 ∧ ey ∧ eθ ∧ eψ ∧ eχ. (4.9)
The field strength G4 takes the form
G4 = −Ee0 ∧ e1 ∧
{(
h′2
h
5
6
1 h
7
6
2
)
eyeχ +
(
1
y2h
4
3
1 h
2
3
2
)
eθeψ
}
. (4.10)
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Taking the Hodge dual gives,
? G4 = Eh
− 5
6
1 h
5
6
2 dx
2 ∧ . . . dx6 ∧
{(
h′2
h
5
6
1 h
7
6
2
)
eθeψ +
(
1
y2h
4
3
1 h
2
3
2
)
eyeχ
}
. (4.11)
As a basic check, take α = 1 which corresponds to the case of a vanilla Taub-NUT. For this
choice, h1 = h2 and the form is anti-self-dual in the Taub-NUT directions if
h′2 = −
1
y2
, (4.12)
which is true. For general α, the internal part of G4 is no longer ant-self-dual, and we must
instead check that ∗G4 is closed. With the aid of a computer algebra program, we find
that it is closed for any value of α and E. So, we must look to the Einstein equation to
constrain α in terms E.
For simplicity, we will focus on the 2 − 2 component of the Einstein equation (3.43)
which reads
R22 + 1
6
g22 |G4|2 = 0. (4.13)
This component of the equation is especially simple because G2MNPG2
MNP = 0. Again
with the aid of computer algebra, we find that the equation is satisfied if
− (2α + α
2y + y)
6(α + y)3(αy + 1)2
(
E2 − 1 + α2) = 0, (4.14)
which, because α ≥ 0, is equivalent to
E2 = 1− α2. (4.15)
From this equation, we find the critical value of E, which is 1 in our units. Furthermore,
this equation is satisfied is by
α = sechβ, E = tanhβ, (4.16)
for some β. This computation can be extended to include more general combinations of
background magnetic and electric fields. It essentially implies the Born-Infeld action for
the gauge-field, and when combined with our prior results on the NG-bosons, gives the DBI
action (1.1) directly from a gravitational analysis.
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